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given proceed thus : Take half of the sum of the four given sides, and 
from it subtract each side in turn. Multiply together the four remainders, 
and reserve the product. Multiply together the four sides. Take half their 
product and multiply it by the cosine of the given sum of the angles in- 
creased by unity. Regard the sign of the cosine. Subtract this product 
from the reserved product and take the square root of the remainder. It 
will be the area of the quadrilateral."] 

SOLUTION BY E. J. ADOOCK, MONMOUTH, ILL. 

Let a, 6, c, d be the four sides of the quadrilateral ABCD, a = AB, 6 
= BC, o = CD, d = AD, and |(a+6+c+d) = h, then it is required to 
show that 

area AB CD = i/[(A— a)(h— 6)(A— c)(A— d) — iabed(cos[_A + C] +1)]. 

Since BD 2 = a 2 + d 2 + 2adcos A - b 2 + c 2 + 26c cos C, (1) 

2adcos A — 26c cos C = 6 2 + c 2 — a 2 — d 2 , 
and a 2 d 2 cos 2 A + 6V cos 2 C— 2a6c<Z cos A cos C= i(6 2 +c 2 — a 2 — d 2 ) 2 . (2) 
And since area = J(adsin A-\-bc sin C), 

a 2 d 2 sin 2 J.+6Vsin 2 C-}-2a6cdsin.4 sin 0= 4(area) 2 . (3) 

Adding (2) and (3) and reducing, 

a 2 d 2 +6 2 c 2 — 2a6cd cos (A+C) = 4(area) 2 +i(6 2 -f c 2 — a 2 — cPf, 
hence (area) 2 = ^(aW+tfc 2 )— (6 2 +c 2 — a 2 — d 2 ) 2 }— %abcd cos {A +C) 
= j t [4a?d 2 +4b 2 e 2 — (6 2 +c 2 — a 2 — d 2 ) 2 +8a6c<fj-Ja6cd[l+cos(^+0)] 
= (h — a)(h — b)(h — c)(h — d) — Ja6cd[l-fcos(J.+C)], as required. 



SOL UTIONS OF PROBLFMS IN NUMBER FO UR. 



Solutions of problems in number 4 have been received as follows ; 

From E. J. Adcock, 173 and answer to Mr. Baker's query; Henry 
Gunder, 171 ; Henry Heaton, 170, 171 and 173 ; Prof E. W. Hyde, 171 ; 
G. W. Hill, 170 ; Chas. H. Kummell, 170, 171 and 174; Artemas Martin, 
172; E. B. Seitz, 170, 171 and 173. 



170. "Given the lengths of the eight edges of a quadrangular pyramid 
to find its altitude." 
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SOLUTION BY G. W. HILL, PH. D., NYACK. TURNPIKE, N. Y. 

Denoting the solid angles by the symbols 0, 1, 2, 3, 4, of which be- 
longs to the vertex, and the edges by (01), (02), &c, let us divide the 
pyramid into two triangular pyramids by a plane passing through 0, 1, 3. 
Denote six time the volumes of the pyramids 0123 and 0134 severally by 
A and A', and twice the areas of their bases by A and A', and by x their 
common altitude. Then we shall have 

2 — ^ — A ' 2 

X ' A* ~ A' 2 ' 
whence 

^/2J2 = ^2J/2. (1) 

If we employ the notation 

[12] = (01)+(02)-(12) } [23] = (02)+(03)-(23) ^ ^ 

and, in order to distinguish it as an unknown quantity, put y for [13], we 
have for A 2 , J' 2 , A 2 and A' 2 the following expressions 
J 2 = (01) (02) (03) — (01)[23J — (03)[12J + 2[12][23]i/ — (02)^, 
J'a = (01) (03) (04) — (01)[34J — (03)[14J + 2[14][34]y — (04)^, 

A* =[(01)+(02)-2[12]] ^(02)+(03)-2[23]]-["(02Hl2]-[23]+2/] 2 , 

^'2=Q03)+(04)-2[34]] Qoi)+(04)-2[14]]-[(04)-[14]-[34]+y] ". 

For the proof of these equations see a memoir of Lagrange, Solutions ana- 
lytiques de qudques prob&mes sur les Pyramides Triangulaires. Tome III, 
p. 659. 

On the substitution of these values in (1), we have an equation of the 
fourth degree in y, which serves to determine this quantity and thence x. 



171. "A pail in the form of a frustrum of a cone — radius of upper base 
2r, of lower base r, and height h — is inclined so that if water be poured in to 
it, the water will just reach the lower edge of the upper base, and the upper 
edge of the lower base. How many gallons of water in the pail ?" 

SOLUTION BY PROP. E. W. HYDE, UNIV. OP CINCINNATI, CIN., OHIO. 

Let ABCD (see fig. on next page) be the pail and AC the surface of the 
water, then we have to find the volume ABC= A VC — A VB. Volume 
.4FC=(area of ellipse AC)X$p, in which p — FJE=perp. fromFon AC 
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Volume of A VB = ihXnr 2 — |jrr 2 A 
From the figure a= sin - 
-l Zr 



— cos 



(A a +9r ! )^ 



= cos 



-1 



/3=sin 

and j 



-l A_ 

(A 2 + r 2 f 



2 )l/(A 2 +OJ 




(A 2 + r 2 f 
. • . p==FCsin r =2 1 /(A 2 +r ! ).sin(/H 

Let o and 6 be the semi axes of the ellipse AC; then its area is nab. 
a = $AC= ^{h+W), and b=--FG = /[(fr) 2 — (!»■)*] = rj/2; ™ 6 = 
|7rr 1 /2xi/(/i !! +9r 2 ). 



.-. Vol. 4FC; 



4Ar 



, Jari/2 x T /(7i 2 +9r 2 ) = | T /2^r 2 . 



3j/(A2+9r 2 ) 
Hence Vol. .AjBC = fj/2 x rcAr 2 — £jrAr 2 = f (2 T /2— l).;rAr 2 . 



172. "Find the least integral values of x and y that will satisfy the 
equation a? — 9817/ = 1." 

SOLUTION BY ABTEMAS MARTIN, M. A., EKIE, PA. 

Put A = 9817, then y/A = t/(9817) = r+ 1 



u 2 -f 1 



w 3 + etc., 
where r is the integral part of \/'A. 

The last quotient of every complete period is 2r. Let m be the number 
of quotients in a complete period, and p m -^ q m the last convergent in the 
first period; then, when m is even, x = p m , y = q m , and when m is odd, 

Let (r + a„) -i-b n = u n + etc. and (r -+- a„ +1 ) 4- 6„ +1 = u„ +1 + etc. be 
any two consecutive complete quotients, then a = 0, 6 = 1; «i=r, 
6 X = A — r*; u = r, u t — 2r ~ (A — r 2 ); a n+1 = u„b n — a n , b„ +1 = 
(.4 — a 2 +1 )-=-6„. 

If p„-J-3n> .Pm-i^SW+i be any two consecutive convergents and «„ +1 the 
quotient corresponding to p, +I -*-g, +1 , then 
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?A = L Pi — m l + 1 . . . ^"+2 _ ^n+lPn+l + Pn _ 
?1 !' ffa «1 '"' ?-+S %l?«+l+?»' 

The partial quotients are easily found to be 

99; 12, 2, 1, 1, 1, 2, 2, 7, 1, 5, 8, 11, 1, 1, 6, 1, 4, 2, 21, 1, 1, 3, 2, 1, 2, 
17, 1, 1, 1, 4, 5, 1, 3, 1, 3, 2, 1, 65, 2, 1, 3, 2, 5, 1, 3, 24, 1, 1, 24, 3, 1, 
5, 2, 3, 1, 2, 65, 1, 2, 3, 1, 3, 1, 5, 4, 1, 1, 1, 17, 2, 1, 2, 3, 1, 1, 21, 2, 
4, 1, 6, 1, 1, 11, 8, 5, 1, 7, 2, 2, 1, 1, 1, 2, 12, 198 = « 95 = 2r. 

As 95, the number of quotients in a period, is odd, therefore x = £> 9fi , 2/ 

= g 95 satisfy the equation a 2 — 98172/ 2 = — 1; and x = Pi ao , 2/ = ?i9o 

satisfy the equation x 2 — 9817i/ 2 = -fl- 

it is not necessary to compute the numerators of the convergent fractions 

as p m = rq m -\-q m _ x Computing the values of q lt q 2 , q s , etc., we find 

g 95 = 7441734799204446071122530309232151170560356045, 
p 95 = 737332852203490945759241163585096785868514690632. 
x = p 190 = 2pg 6 + 1 = 10873194698770700456541715000199726898 
78078955845851165794522041819432604428846808167197337118849, 

y = ?190 = 2p 35 q 95 = 10974071089678774410161078963233070156 
422894010351506814076536718633072745503799243013892140880. 

These numbers are believed to be the largest of the kind that have yet 
been found. 



173. "A Given semicircle is divided into two quadrants, and a point is 
taken at random in each quadrant ; find the chance that the distance between 
them is less than the radius of the semicircle." 

SOLUTION BY B. B. SEITZ, GREENVILLE, OHIO. 

Let AOD and BOD be the two quadrants, P, Q the random points. 
With D, P as centers and radii each equal 
to the radius of the semicircle, describe the | 
arcs OC, EF. Join OP, OF, PF, PE. 

If P is in the surface OOD, and Q in the I 
surface OEFD, the distance between them | 
is less than the radius of the semicircle. 

Put OA = l,OP = x, IPOD = 0, and area OEFD = u. Then 
u = !sin -1 («cos0)+cos~ :l (J:B) — \n — J#j/(4 — a?)-\- Ja cos #i/(l — x 2 cos 2 8) 

— |a; 2 sin cos 6. 
But when P is in the surface OAC, the arc described from it does not cut 
the arc BD, and the area cut off from the quadrant BOD is 
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u i == Jsin _1 (a; cos 6)-\-%cos~ 1 (x sin 0)-\-%x cos d\/(l — £ 2 cos 2 0) 

— \x sin 0j/(l — # 2 sin 2 0) — a 2 sin cos 0. 
Hence, since the whole number of ways the two points can be taken is ^t 2 , 
we have for the required chance 

o=-3-( I uxdxdSA — ^l I I uxdx-\- I xuxdx \d0 

* 2J o J o ff J x* \- J ^ 2cose J 

= 9V £ 87r *~ 8(? ~~ * sec 2 0+20sec s 0+2 tan — 6i/3]d0 
+ 1 ffl6;r— 320— 7rsec 2 0— 2jt cosec z 0+20 sec 2 0+2tan 

* nJ Hi, 

+60 cosec 2 0— 6 cot 0—80 sin cos 0+ 128 sin 3 cos 0— 64sin 5 0cos 

+64sin0sos 5 0]d0 
_4 __ j/3 _ _2_ 
3 ff ^2* 

[Mr. Heaton, by a similar process, gets p= „ — — — — — ; and Mr. Ad- 

cock, by restricting the random points to the periphery of the quadrants, 
gets p = %. We have not verified the operations in either Mr. Seitz' or 
Mr. Heaton's solution, and therefore cannot say which is correct.] 



174. "Give the most convenient method to compute r($n), n being an 
integer." 

SOLUTION BY CHAS. H. KUMMELL, DETROIT, MICH. 

Because rftn) = (£n-l)r(£n -1) = (>-l)(£n-2) . . . (fcw)r(*»-r), (1) 
where 1 > |ra — r > 0, it is only necessary to determine 

/mr(f),r(f),r(f),/\4). 

Of these r(f) = T(J) = y;r is known. 

By the theorem: 

r(n) r(l — ri) = it cosec rwr (2) 

we have 

r&) r (i) = * ^sec & = 2k, . • . r(f) = aw-r(*), (3) 
At) A*) = « cosec i* = 2 - 3_% > • ' • r(i)=2.ar*jH-r(i). (4) 

It is then only necessary to compute .T(^) and r($). By Gauss' theorem: 

/» r(n+ J) r (n+fj . . . r(n+ r ~d.) = ^frS- - "^/ 1 ^), (5) 

we have, placing n = $ and r = 2, rft) T(f) = 2%* f(f); hence by (4) 

r(i) = 2-*3%-«/w. (6) 

If then r{ji) is known /^(In) is known. 
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To compute this we employ the definite integral 

p> d<p _ (1 _ r(i)rq) 

= 2-»8«jr«rtt)r(i) by (4), = 2-J3jr-»r(i)» by (6). 
Therefore T(J) = 2JS-i(wr)t. (7) 

The integral u may be evaluated as follows: 
Place sin <p = (1-f j/3.cot 2 J^)-i, 

cnsgrfc— 3lcot^# — 31 cot ^# ,.5 

cos p d^ _ 2 sin2 ^ (1+l/3 . cot2 ^ )f ~ 2 sin^H 8111 ^ 

cos f =sin f ^/[3 ^(cot^-f- y3.cot 4 ^+cot 6 ^)] 

=3*sin <p cot *<fr T/[sm 4 ^+l/3-sin^^ cos 2 l^+cos*# 
r 2Y sin 2 ^ 

=2-13^ sin f ^yK V[(l-cos ^) 2 + V3.sinV+(l+cos^) 2 ] 

= 2-13^ sin? 2^ 4/[2 2 cosV + ( vi+ V|) 2 sinV]; 
sin j(p 

therefore, since <p = if <p = 0, and $£ = t if <p = $tt, 

_ fit' dip _ f 3^# ,_. 

W -J ( S in?)« J oT/^cosV+^+^ffsin 2 ^] W 

Comparing this with form (9) Analyst, Vol. IV, page 121, we have 
o = 2; 6 = Vi+ Vf = 1.93185165; <p = jr. 
The arithmetic-geometric mean denoted there by 6„ might be better de- 
noted thus .I f , 1 1 1| 
arithmetic-geometric mean of a and 6 = -J-< o b >^\\. 

II l x J II 

In this case we have ki 2 t(i/£+i/f) \H = 1.96577817, 

II I x ) II 

and ^ = 2 ff , ^ 2 = 2'«r, .... ^„ = 2V. 

Applying formula (13), ibid., we have 

M _ 3V. 3% 

ii f — T TT1 — ii — f Z 1 111 - W 

*||h 0o x 6 °} II H 2 I^Hi/|)}^ 

We have then by (7) 

r(i) = 2»3-A**||i{ 2 J(]/Ri/f) }*||~*. (10) 

This together with (1) (3) (4) and (6) gives r$n). 



